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ABSTRACT 



Simple analytical methods for the determination of the angle of 
emergence from complex poles and zeros are developed. Several case 
studies of root loci emerging from complex zeros are analyzed to deter- 
mine criterion for the loci starting from complex pole to end on com- 
plex zero, as a pre-requisite study for "cancel-compensation" and self- 
adaptive compensators. 

The writer wishes to thank Dt. George J. Thaler for his advice and 
encouragement in preparing this paper. 
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CHAPTER I 



INTRODUCTION 

Many closed loop transfer functions of control systems such as 
those representing structual resonances in missiles, fuel sloshing, 
shaft twisting, etc., have a pair of complex conjugate poles near the 
imaginary axis. If gain requirements are not too high, the effect of 
the roots near these poles is often neglected because other roots 
dominate. However, in the design of high gain systems, these roots 
near the imaginary axis may cross over into the right half s-plane and 
thus cause instability in the system. Figure 1 shows the effect of 
raising gain on the open-loop Bode diagram. 

Cancel compensation would be an effective solution to removing 
these complex poles near the jw-axis if it were not for (1) the diffi- 
culty in the design accuracy of these compensators, and (2) the poles 
themselves may not be fixed, and may move about in an area in the s- 
plane . 

The mere placing of complex zeros near the complex poles is no 
assurance that the root loci is connected between these poles and 
zeros. (See Fig. 2) When this loci does close on the adjacent com- 
plex zero, the root on this locus has such a small residue that it can 
be neglected when compared with the other roots. 

The question remains: What are the requirements for the location 

of complex zeros adjacent to complex poles for best cancel compensation? 
The search for an answer to this question initiated this study. Such 
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Fig. 2 

Hoot Loci from Complex Pole with adjacent Complex Zero 
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a location or area might make it possible to locate complex zeros for 
the design of self-adaptive compensators. 

First in this study, the angle of emergence from a complex pole 
and zero was studied to determine how it varied and how it was related 
to the transfer function. 

Nextj 43 different case studies were programmed into the Control 
Data Corporation 1604 Computer to obtain 215 root locus plots. These 
plots and observations are contained in Chapter 3. 

The term "compensated system" will be defined hereafter to mean a 
system with a pair of complex conjugate zeros relatively close to com- 
plex conjugate poles. The "uncompensated system" will be defined as 
the system without the complex conjugate zeros, but will include the 
real poles associated with a "zero-compensator." 
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AFG-L2 OF EI1ZRG-ZFCE 

1 • Determination of the Arr-’le of Emergence 

The angle of emergence of tne root locus from a complex 

pole or zero has been defined in the literature as the angle 

of the tangent to the root-locus curve at the pole or zero as 

snown in Fig- 3* A test point s n near the complex pole on 

the root locus satisfies tne ecuatlon 
N M 



z i 

i'l 



r 

IT 



= 160 *n(l30) 



where n is an odd integer or zero, F is tne total number of 
zeros, i'i is the total nnmoer of poles, and is the angle 
of the complex pole infinitesimally close to the test point. 
Fig. 3 shows that aeasure ~ counter-clockwise with the 
negative abscissa axis as reference, whereas the angle of 
emergence, 6/pls measured counterclockwise with the positive 
abscissa axis as reference. It Is thus seen that the angle 
of emergence Is equal to the angle from the test point to 
the complex pole, using their corresponding references. Thus, 

A/ M 

( 2 - 1 ) 



= /?, = iso - 



-iO 

The last two terms In the above equation can be deter- 
mined witn the complex pole or zero (from whicn the angle of 
emergence Is to be determined) as the origin of the co- 
ordinate system, since the test point s^ is infinitesimally 
close to the complex pole (or zero). Thus, the origin of the 
s-plane is translated to the desired complex pole or zero by 
setting w = s + — j ^ where w is the new complex variable In 
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Angle of Emergence of complex pole, Wf 
Angle of Emergence of complex zero, Q4- 
Angle from test point to comolex pole, Ujl 
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the v/- plane. A test point w, near the new origin (oole or 

Jl 

zero) which is on the root-locus must still satisfy the 
angle criterion (130 degrees or an odd multiple). As jw| 
approaches zero the sum of the angles on the root locus plus 
130 degrees would oe tne angle from the origin to the test 
point. V/hen Jwj is identically zero, there is no angular con- 
tribution from the pole or zero at the origin and thus the 
sum of the remaining angles is the angle of emergence. For 
example, a characteristic equation is partitioned as follows: 

n + ? - . : ; ' '■ -3-. r ) = -i 

s(s+X0; (s^2- 0 5 ) (s-i-Si-j*, ) 



To find the angle of emergence at the complex 

at —2 + j5 in the s- plane, transfer the orlgi. 

by setting w = s+2 - 0 1 or s = w - ? T 

( v/— ^ 4- i r •+■ "3 — S )('*'— ^ 'Stg I 
(w-2 + j5 ) ) ( '-2^’ j 5^f-y5 ) ( ” r -r- + w > 

= 

( w-2 + J5 ) (w+h’t- i 5 ) ( v/ ) (w+ M 10 ) 

('V + 1 ) (v/t-l-r^lf ) 

w ~ (-1 )'(w-2+j5 ) ( w+jio) (v;-ro + j> ) 



pole located 
n to this pole 

hen, 




(2-2) 



Define the angle of emergence from the complex pole, 

V ?= &|WI= 0 

tan" 1 f - tan" 1 if - (180 + trrT 1 ^ + 

+ 90) 

W y = 0 - 84.5 - (180 + 111.6 -32+90) 

W ? = 30.9 



(2- 2a) 



-1 






Now to find the angle of emergence from the complex zero 
located at -3 +J5 in the s-plane, transfer the origin to 
this zero by setting w = s + 3 - j5 or s = w - 3 + j5 
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-1 



(w-3+.i5+3-.i5)(w-3+,i5+3+.i5) __ 

(w-3+j5 j (w-3+o5+10)tw-3+j5+2-j5)(w-3+o!j+2+j5) 

(w)(w+,110) = _1 

(w-3+j5 ) (v7+7+j5 ) ( w-1 ) (w-l+jio ) 

(-1) (w-3+,i5) (w+7+.i5) (w-1) (w-l+.jlO) 

(w+jlO ) 

Define the angle of emergence from the complex zero, 

^=4l | w(=0 _ _ (2-3a) 

((4= 180 + tan -1 _-| + tan -1 j + tan + tan 1 ^ 

- 90 

( 4= 180 + 121 + 35.5 + 180 +95-90 
(4= 161.5 



2« Complex Residues and the Angle of Emergence 

The closed loop transfer function can be expanded by 
partial fraction expansion and the residues evaluated by use 
of Heaviside’s expansion theorem: (a) multiply function by 
(s - p^) , and (b) let s = p^, giving the residue at 
Using the previous example again, the residue angle at 



'K 



-2 +j5 is: 

_ ( s + ^-.i5 ) ( s+3 + ,i 3 ) 
ic s ( s+10 ) (s+2+j'5) 



(2-4) 



s = -2+j5 

It is seen that this residue evaluation is similar to equa- 
tion (2-1) except for the -1 in the denominator which intro- 
duces 180 degrees. Thus the angle of the residue at a com- 
plex pole differs from the angle of emergence by 130 degrees: 



<4= Ac + 180 (2_l 

The characteristic equation of the preceding section 
may be partitioned as follows, where the zeros are now the 
‘’poles' 1 and the poles are now the "zeros": 
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p(p+ 1^) (m-2-p : -2 + .15) 

( 3^-3- J 5 ) U'+3-r j 5 l 



-1 



The left side of this equation is seen to be the reciprocal 
of the closed-loop transfer function. Although this is an 
improper fraction, the residues can still be evaluated by 
Heaviside's expansion theorem. Thus, the residue at 

s = -3+j5 is : 



k. 

K 



ft ( B+1.0 ) ( r + 2— , ; 5 ) ( r + ? + 5 ) 

(s-*-3+ 0 5 ) s = -3+j5 

(-3+15) (-3+; 5+io)(-3+15-?-:5)(-3-.15+?+:5) 
(->35+3+j5) “ 



341.5 



(2-6) 

(2-7) 



Comparing equations (2-7) and (2-3) it is seen that 
they differ by 130 degrees. Tnus the angle of emergence 
from a complex zero is 



where 



(i4 =^ 2 . + 180 

j is determined 



as 



Illustrated above. 



(2-7a) 



3 • Effect of Complex Zeros near Co' r nlex Poles 

What effect does the relative position of complex zeros 
adjacent to complex poles have on the angle of emergence 
from the complex poles? To answer this question, first con- 
sider the change of one angle of emergence with the zeros at 
constant rauius from the poles wnile varying the angular 
oosltion of the zeros with resoect to the complex poles. 

It is assumed that the displacement between complex 
poles and the distance between comolex pole and its 
neighboring zero is of a ratio of approximately 10:1. As 
seen in Fig. 4, as the angle 9, the angular position of the 
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Fig. 4 

Effect of Zero Angular Position on Angle of Emergence 
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